Two-phase algorithm for global optimization by Haeser, Gabriel
  	
  
   	

 

  
 

  	 
 	
  	
 

 
 

  
    	
 



 	

 


 

   
 

  	
  


   
Algoritmo duas fases em Otimização Global 
Banca examinadora: 
Este exemplar corresponde à redação final da 
tese devidamente corrigida e defendida por 
Gabriel Haeser e aprovada pela comissão julga-
dora. 
Campinas, 9 de março de 2006. 
Prof.ª' Dr.ª Márcia A. Gomes Ruggiero (IMECC/UNICAMP) 
Prof. Dr. José Mario Martínez (IMECC/UNICAMP) 
Prof. Dr. Ernesto Julián Goldberg Birgin {IME/USP) 
Dissertação apresentada ao Instituto de Matemá-
tica Estatística e Computação Científica, UNI-
CAMP, como requisito parcial para a obtenção do 
título de Mestre em Matemática Aplicada. 
FICHA CATALOGRÁFICA ELABORADA PELA 
BffiLIOTECA DO IMECC DA UNICAMP 
Biblioo:cária: Maria JúJia Milani Rodrígues - CRB8a I 2116 
Haeser, Gabriel 
H119a Algoritmo duas fases em otimização global I Haeser Gatriel --
Campinas, [S.P. :s.n.], 2006. 
Orientadora : Márcia Aparecida Gomes Ruggiero 
Dissertação (mestrado) - Universidade Estadual de Campinas, 
Instituto de Matemática, Estatística e Computaçio Cientlfica. 
l. Otimização. 2. Simulated annealing (Matemática). 3. 
Algoritmos genéticos. I. Ruggiero, Márcia Aparecida Gomes. II. 
Universidade Estadual de Campinas. Instituto de Matemática. 
Estatistica e Computação Cientffica. III. Titulo. 
Titulo em inglês: Two-phase algcrithm. for global cytimization 
Palavras-<:have em inglês (Keywords): 1. Optimizatim. 2. Simulated annealing 
(Mathematics). 3. Genetic algorithrns. 
Área de concentração: Otimização 
Titulação: Mestre em Matemática Aplicada 
Banca examinadora: Profa. Dra. Márcia Aparecida Gomes Ruggitro (.IMECC-UNICAMP) 
Prof. Dr. José Mario Martinez (IMECC-UNICAMP) 
Prof. Dr. Ernesto Julián Goldberg. Birgin (IME-USP) 
Data da defesa: 09/0312006 
Dissertação de Mestrado defendida em 09 de março de 2006 e aprmrada 
Pela Banca Examinadora composta pelos Profs. Drs. 
Prof. (a). Dr (a). JOSÉ MARIO M~INEZ PEREZ 
Prof. (a). Dr (a). ERNEST GOLDBERG BIRGIN 
  
 

   
      
 !" #
" $
  %


 & 	
 !
 
  
#
  
 '


 (
  	 !
 
)
" 
#
" *  *  +

 
+
!)  
 )
 &

  ,"   ! !  
- 
 .
     , / )
  


0

	
 
+
!) 
 
 
  
!'
 )
 

 #
 '!+
!" 

+- 
 '
!#
  
!' '-  
" +   
 1 
 
!' 

 #
 '!+
!  +!
 

!#
  &  !#

	
 
   !  !
! 2 3 -   +!

4 .
	 0  

"  
+-  28 +!
 !

 !

 

 +!
  #
  *" 

 -
  
!#
 !  !
  )
 '!+
  +
  + 
!' 

 #

'!+
!"    
!' +

  	
 
  !  !
! $5
2
  	 #
 '!+
!6 #
 !
!6 !
 

!'6 
!'
'-
 

  ) 78 7 9 ) )9 +)  !

! ) & '!+
! 5
#
" 
 
 '
!#
 & ' 
!') & 
" + 
  
 1 :
 
 
!') & '!+
! #
 & +35
 ;
+! +!"
' !
 

!' 
 ) !
! !  2 
! 3 

 & ) 4 +! .54
! #
0 
 28 !

! +!
 '
! !
 '
' +!" 7   
 & )7   !
!
!  
 '!+
! ) 7
 ' 
!') & '!+
! #
" 7 
!
 
 
!') +
  !
 

!' 7) !
! !  $2

 	 '!+
! #
6 !
! #
6 !
 

!'6 '

!')

	
  
     
<= !' 2-                                >
<< 
  !                                ?
<> !
 
!'                               @
<>= 

  	
8                            ==
<>< !'  	!                         =A
<>> B+  C!#
                        =?
<>A 
  (&
                        =@
<A !' 2- 2
!#
                        <<
      !
>= BC	                                       <D
>< E2                                   <F
>> 2E2                                   <@
>A 3 - 

!#
                     >G
>A=  +!
 4                             >G
>A<  +!
                             >F
"      "!
A= E$2                                 AD
A< 3 -                             A?
# $% #
   &	 $ #
'   &	 $ % #(
)*+ ',- !.


	 
	
 
 
 !

 
!#

 + 
!
*  -
  #


" 
! 
 
  ')

 H
" -  ! 

  
'
 I  +!
 !
  !  !
  &*   3

   3
 ! 
 
 I!! J !
 
 &! 
 
&
  5

  J '!+
!"  - 
 !   
 
!
*  !
 
!

 +
 ! J '!+
! !
  &
    
!' 
  #

 &   
!  
   ',
" - +   
5
"     J !
!  +!
"   J '!+
!
 
 
 
 - 
  
 
!'  #
 !
! 
/  )
 '!+
  +
  
!'  #
 '!+
! 

 5
+!
  '

  !
  *  
3
   * '

 )
 ,  +/ 
• 
 +
 '*  +
  )
 +
 
3
* 
 

 
#
 !
!6
•  
    J !
! /
 + 
  # ! #
 !
!6
• 
 +E  E!*  
 
 &
*    5
!6
• '
 ,
   

  

!)
  J !
  +  


 
 *  # 
 J '!+
!
 

 
 +
 
3
 
!" 
  '
  
!#

 

 -  !5
  !
! 2 K=<L"  
  +!
 

!#
  $2 KM" DL  

 +!
  *
B

 
 
 +*  
+
!)
=
• 

 
 
   !  '!+
! 

 +!
 

!#
" !5
#
 
 )
  #
 '!+
!   !  !
!6
• 

 -
   !#
 
 )
  #
 '!+
!   ! 
!
!  
  +!
  #
  *"    
!'
!#
 !
 

!'   !  !
! $2
 
+
!)     ' 
!
$ 

 
   
!' '-  
  ! "  5
'
   
 
 

  	
 
  

 
 '
!#

 
!' '- 
  K=" =FL
$ 

  - BC	 .  
  0 

 +!5

 

!#
"   K<DL   !  	
 
  
 +
 !
!"
  E2"  !#
  !  !
! 2 /
  
	
 
  ) 

!  
!' - 

!
 

 - 

!  28 +!
 ! 
 
+-  ) 

!

 )
  
! < 

  +!
 4 .
	 0 
 K?" F" @" =GL
$ "
N!#
  !  !
! $2" KM" DL /
  	
 



   E$2 3 -  

 

 -

 !  12 +!
 !
$ #
(
!#
 
 
!  !
 +
<

	 
	
 

 
 

1 
 '
  

  +!
  #
 

  
 ) 
!'5
  &  !   '
 +  J '!+
!" 
   
 -
 ! 
!
 -
   
 
 
&
J
 
 -
 


 )
  
!
  - '


" 
 
 3   
 '
" '

       &   
 

  
! 

  
 J  
!'
 )
 !

 
!'  #
 '!+
! K>GL   !

  -
 5

  
 	- " 

 
  

'   &
# 
!
3',
 + 
 &*    +!
   )
   5
  +
   -  

E -  +
 
!
J
"
!'  
 
)
 !
 

!' K=>L" K>AL" 
!' '-  
+

) K=DL" K<<L  K<>L  -
 
 
 
   
 

 +!
" 
 
!

 
 &*  ! 
   '
! '

  5
',
 
 
   ! -E
+!      
 
  -   +
)5
5+  
!'  " K=@L"
K>=L
  	
 	

  
!' '- 
!
 
 !  +!
  
max
x
f(x)

 l ≤ x ≤ u.
 f : Rn → R - 
  f(·) > 0
>
   +!
 '
! 

!#
   
&
 

   


" +

 
 f(x)  −f(x)  
  +!
  #
" O 

M > 0"  '
" P & +/ "     
!)
 f(x) > 0 ∀x ∈ Rn
 -
 - 
 

 

 P !  
 Q,
  #   
&
 
*  #
  
      ! 
 !
 


   
  
3#
 '!+
! +
3 
#
 
 -

=   	
	
<  	   	  
	
>  
	
A  
	
M 	 	 	 	
D 	  


!) hi"  

) 
 #
  
  +
 
 iE-
 

"


 i = 1, . . . , n  '
 
 mi"     
&
#
ui − li
hi
≤ 2mi − 1,

  
  I li + k
ui − li
2mi − 1 

 k = 0, 1, . . . , 2
mi − 1 

 - 
Q,
 +
 vi  mi '" !#
 
  
xi = li + (vi)
ui − li
2mi − 1 ,
  - 
 &  
&
  I +   
 
!


 

 P ! - 
  
 Q,
 +
  

)
m =
∑n
i=1 mi" &

 !
 

    +  
 


 

 Q,
  "  
    
  +
" -
)


     " 
  /   - )


 !

A


!)  

) 
 !
" 
  npop"   
 


 !' 
 3  
!'  '
 '
 
!

 npop Q,

+
  

) m"    
 !
 
!   
!' )5
 + 
 +  
3#
"  !#
 
! &
 


'
  

 
  
 !
 
!


  
 
 3  
!'"     
R" 
 5
+
+!
  #
 pc"   &  I 
  pcnpop #



 

  vk" k = 1, . . . , npop" '
  I 
!
J rk  5
 
! [0, 1]  !) vk 

 #
  rk < pc
 I   !) 

 #
    
" 
 
3!  !  "  '
! +
+!

	
  
  

 
!
J
 

 

 
" !) 
!



  
 Q,
  m '  #      +5
     
 J3
 !

 #
 - & 
 ' 

 
(b1b2 . . . bposbpos+1 . . . bm)  (c1c2 . . . cposcpos+1 . . . cm)
   !
  pos 
  
!
J
  "      5
  +  
 
(b1b2 . . . bposcpos+1 . . . cm)  (c1c2 . . . cposbpos+1 . . . bm)


J 
 

 
 !
 

 -  #
" 
!
   

   

 

   m '  

   npop 5
" '
  I 
!
J r  r < pm" 
  ' " 
pm - 
 +
+!
  
"  
R  
!'
M



!!
   
! 
 & +/  fk  

  vk" 

 k = 1, . . . , npop"

 
!
 
 & f    Rn  vk 
  '
 
!!
 
 +
5
+!
  ! pk  

 
pk =
fk∑npop
i=1 fi
,
 
 
 
  f   
  '
 
!!
 
 +
+!
 
5
!

 qk 

 

  vk
qk =
k∑
i=1
pi.
2
  I 
!
J r"   
! [0, 1]"  !) v1  r ≤ q1 
!) vj 
!  qj−1 < r ≤ qj  (   npop  #   
 +

  
 !
  

) npop"   !   !
 
  +

 
 -
  ! 

!  )
! B
7"   !)
  , 
 +
+!
  +  
N  !  
 
!)
  
!' '-   
 
K<FL
 !

 -
  
!' '-   
!

   3" 

 3!


 


" 

 
 
!
 3

  K<FL
 !
   -  /' 

 
 
"  
 

 

  /'
5
  !

    
  
   

 

  !
!
  
 
 S
+!
 <=    !  P !)
  
' P !

S
+!
 <= B!
  
S
 

S
 (1, 1) (5, 0)

 (0, 5) (3, 3)
D
  +!
  
 
 
-'
 J
 

  !
  
4
 
 

 
-'
 +


 
 , I!
 /'

 N
 
-'

   
      43 = 64 *"  

  
    
 & 
 J3
 

 .T 
 
  C 
0   !


 , 

 
  
!' '  
   
 
+
3
• 
 
!

 
 !
 
!" npop    64 * &
 
T T  CT
• !
 /'  
 
-'
  
 - 

 !
 
 -
  



-'

• !
 
 
-'
  
  
 +
+!
  !
• 
  
 
-'
  #
  

B 
  K<FL" 
!' 
* 
 

  
 !) 
5
-'

• C   (CC)(CC)(CC) U	
 
V
• T   (CC)(CC)(CT ) U( 
V
• C   (TC)(CT )(CC) U
 -'
V
• C   (TC)(CC)(CC) U '
) 
V
• T   (TT )(TT )(TT ) U	
 
V
 (CT ) 
  
 

   /'
    ' 

   
 	
 -
  
  !  - +

 
 
  
!' '-" -
 
 
 
 +
 

    
     

 

 #





    
 !
 -  
   "  -" v = (x, σ)"  x - 
  
  +
  σ -        
* 

 

 
 x    σ - !#
 
 
"  
 

  xi  x" - 



 +
 
!  -
 #    
 !

  σi" 
 iE-

    σ
?


 
!#
 
 !
 
!  npop  "  

 
!
J
" /

      
*


3
     µ ≤ npop/2    !  '

  '

!
 
!

 2µ   
 !
  
  µ 

" 
+-
 

 
!
J
 
(x1, σ1) = ((x11, . . . , x
1
n), (σ
1
1, . . . , σ
1
n))  (x
2, σ2) = ((x21, . . . , x
2
n), (σ
2
1, . . . , σ
2
n))
 

! !
 1    #

/      -
(x, σ) = ((xq11 , . . . , x
qn
n ), (σ
q1
1 , . . . , σ
qn
n )),
 qi = 1  qi = 2  '
! +
+!
" 

 i = 1, . . . , n
,      -
(x1, σ1) = (((x11 + x
2
1)/2, . . . , (x
1
n + x
2
n)/2), ((σ
1
1 + σ
2
1)/2, . . . , (σ
1
n + σ
2
n)/2))
B&  
!' '-"      #  +
 
   

 P !
     
 !

+  ,
    !


 
  ! " #
  
      
  


 
"  

   # ! #
 & +'



 

 
    (x, σ)   
 + !   (x′, σ′) 


σ′ = σ.eN(0,∆σ)  x′ = x + N(0, σ′),
 ∆σ > 0 -  
R  -  N(0, t) - 
  
 ! 
!
J
  +

! ! 


     -
 !  
#   
R
 
'
!" /
!  
 ! 

  

   t    ∆σ ∈ R"
N(0,∆σ)  # P 
!  


  -
 #   E
 ∆σ  -
 
     
 
#
"  
 

   

+
+!
   '
 


F


B µ     #" 

    
&
# 
 *
B  
  
 !
 
 !)  npop !)"  
  
 
! 
 & +/ 
 
!' '   
  
  
 !
 
" 
- 
 
5
&
  
!' -  


  
N  !  
 
!)
  
  !    
 
K==" <F" >>L
  
	 

 -   !#
 

 &  
!"   - 
 
 



 ! 

   '
 - &
 !
"      
!
/
 
 

 )',

 	
 
 '  3 
 R
 

"  !  
%8
8" 2!
  4)  =@F> K<AL    Cˇ9  =@FM K=ML"
!#
  
!'  	!  =@M> K<?L

 -
 - !#

  +!
  #
 +
J

min
x
f(x)

 x ∈ S
 f : S → R" S 
  !  
 ' - +

  K<" >D" <ML
 
!'   
!#
 
 

 
! T    
! i ∈ S
 
  i '
 j ∈ S"  -" '
 j 
  #)

  i  

  /

j  
   -  	! .   T 0 (  
Lk  #"      !+ - 
'"  '
    
! 
T     B &
 
 
     ! i, T0, L0
k := 0
"#"$ 
@
# l = 1 $% Lk
&" j  V (i)
" f(j) ≤ f(i) "$'( i := j
"'( " random[0, 1) < exp
(
f(i)− f(j)
Tk
)
"$'( i := j
k := k + 1
 )  Lk  Tk
$% 	  
 &  #)

 V - 
!  V : S → P(S), i → V (i) B#  V (i) - 

 #)

  i   j ∈ V (i)" #  j -  #)  i !- " 
 
j ∈ V (i) ⇔ i ∈ V (j)
 -
  
!' - 
! 

 
 
 
 
* 
" 
 
 

   #
 !
! .

 " T0     '
0  
'
 

 

  #    
   
! 
 & +/ "  
 ! T → 0" J 

   !)
   
! 
 & +/  

'
 <="  
 +
+!
  

 j 
 
  i" 
  f(j) > f(i)"
 ∆f = f(j)− f(i) - 3 4  
 +
+!
  
 1 & T → +∞
  
 0 & T → 0
T
T
'
 <= 2  exp(−∆f
T
),∆f > 0 

 T   ∆f
2
-    
!
 

'
  




   
 
    
!'  
 
 
  5
',
" 
     

  	
8   &
  
!'
 	!
=G
"#$ % % &
'
/- 00     ! 	 "#$   %  
& Xk "	
	  
  S 
 "	'
P{Xk = ik|Xk−1 = ik−1, . . . , X0 = i0} = P{Xk = ik|Xk−1 = ik−1},

! (   !  )  S ! )
 /
"  
 

  	
8 " 
 +
+!
  
   
 i 


 
 j    
 

"  
 

  	
8 
"   

 

 k" 
  
*+ P (k)" 
P
(k)
ij = P{Xk = j|Xk−1 = i}.
/
 a
(k)
i 
 +
+!
 
 kE-
  
 ! 
!
J
 
   
! i"  /
"
a
(k)
i = P{Xk = i}.
 
 
 &J!
  
 

 a
(k)
i  &  P
(k)

a
(k)
i = P{Xk = i}
=
∑
l
P{Xk = i, Xk−1 = l}
=
∑
l
P{Xk = i|Xk−1 = l}P{Xk−1 = l}
=
∑
l
a
(k−1)
l P
(k)
li .
S      a(k) = (a
(k)
1 , a
(k)
2 , . . . )
T
- 
 
a(k)
T
= a(k−1)
T
P (k)
= a(0)
T
k∏
l=1
P (l),
 aT -  
  a
/- 00  "	     ! ,$  P (k) +  
k(      P (     *+ - % 
"	   ! ,$
==
/- 00  	    )  ,$(  "	  
.	*+ 
 (   i ∈ S   

qi = lim
k→+∞
P{Xk = i|X0 = j},

!  qi   j    q ! ,  .	*+ 
   
 
 3 
 + !"  
lim
k→+∞
a
(k)
i = lim
k→+∞
P{Xk = i}
= lim
k→+∞
∑
j
P{Xk = i, X0 = j}
= lim
k→+∞
∑
j
P{Xk = i|X0 = j}P{X0 = j}
= qi
∑
j
P{X0 = j}
= qi
$' 
 + ! - 
 +  +
+!
  

 i ∈ S 
J 
I   
* 
 

  	
8  !- "
qT = lim
k→+∞
a(0)
T
k∏
l=1
P (l)
= lim
k→+∞
a(0)
T
P k
= lim
k→+∞
a(0)
T
P k−1P
= qTP.
 /
" q -  
   P T 

 
 
 
! 1
/- 00"     )  ,$( )  ..

 *+  n  
P nij = P{Xn = j|X0 = i}.
  P n / 
 
 P nij ! ,   *+  n 
=<
B  P 

  	
8  )',
"    P nij = P{Xm+n =
j|Xm = i}" 
!  /
 m
+  
 &
  
  
 
#  
  n 
 P n 

 

  	
8 )',
"  
 
#  
 P (k)  
 

 
	
8 )',

!- " 

 

  	
8 )',
  ) '  &  P n"

 
#  
  n 
  P n" 
 nE-
 ,
 
 
#  
 P "
 &!# !
 " &    S
 <>M 
+
3
& 00# "	*0  -,12
 
P nij =
∑
l∈S
P rilP
n−r
lj ∀ 0 < r < n  ∀ i, j ∈ S.
/	
P nij = P{Xn = j|X0 = i}
=
∑
l∈S
P{Xn = j,Xr = l|X0 = i}
=
∑
l∈S
P{Xn = j,Xr = l, X0 = i}
P{Xr = l, X0 = i}
P{Xr = l, X0 = i}
P{X0 = i}
=
∑
l∈S
P{Xn = j|Xr = l, X0 = i}P{Xr = l|X0 = i}
=
∑
l∈S
P n−rlj P
r
il.
 
 

!  P n = P rP n−r" 

  0 < r < n 
N
  !
 

 r = 1"  
 &
!    n  
 
#
 
  n 
 P n" - '
! 
 nE-
 ,
 
 
#  
 P 
 ' 

 
   

  q /
 
 + !
 
 

  	
8 " 
 
  
  
 
 
 '
*
/- 00!     )  ,$    *+ P
! 	3 
(    i, j ∈ S  	 ..
     j  
 i  	 4 )  (  !
∀ i, j ∈ S ∃n ≥ 1 | P nij > 0.
=>
/- 00.     )  ,$    *+ P
! & (   i ∈ S(  %   	   n > 0 
 "	
P nii > 0 ! 	
  1
 3    - )

  3  i $' 
 

 - 
J

"  J     

 i ∈ S - '
! 
 1
/- 001    q !  %  	  qi /  
	 *0'
qi ≥ 0 ∀ i, 
∑
i
qi = 1.
/- 00(   P !  %  	  Pij / 
	 *0'
Pij ≥ 0 ∀ i, j, 
∑
j
Pij = 1.
 /
" 
 
# - 
  
 !)
    
 J3 
 

 
   

 
 3,
 
 +
!
& 002 5 P    *+   	    )(
,$( 	3 
  &  	   % q /
qiPij = qjPji, ∀ i, j ∈ S,
+ q !  .	*+ 
     
 
  
   

  K<L" '
 >F
 '   
!'  	!
"#" 

 % 


B
  /  S  
 +  +
+!
 q  S"  5
 
 

  	
8  S  + ! qW  
!'  	!"
 
 
 '

!- 
 
!
  !
  	
 
"  
!'  	!
  
 

 
!!
 
3

 
 

   
  
!
J
 
=A
g : S → R
Eq(g(X)) =
∑
i∈S
g(i)qi
≈ 1
N −m
N∑
k=m
g(Xk),
 N > m  0  Xk - 
 

  	
8 
 ! 
!'  	!
 + ! q
 '   
!'
/
 G ∈ Rn×n 
 
# -
  
"  n < +∞ - 
 

!
 
S  
#G - )


  *+  Gij - 
 +
+!
  '
 j 
 
  i
/
 αij = min
{
qj
qi
, 1
}
" 
   *+ α αij - )

  !  


 
!'   
 Xk = i" '
 j 
 
  i  
  
 5
+
+!
 Git, ∀ t ∈ S 
 Xk+1 = j  +
+!
 αij"  /
 j"  -"
Xk+1 = i  +
+!
 1− αij 
B  Xk - 
 

  	
8 
  )',
 
Pij = αijGij ,  i = j  Pii = 1−
∑
j∈S,j =i
Pij.
   
!'  	!  -  )   
! 
 


!#

 
 + q"   
!' J   q 
 
#
qj
qi

3 00     	3 
 ! & 
∃ j ∈ S | Pjj > 0.
/ !
 +!
  
∀ i, j ∈ S, ∃ k, l ≥ 1 | P kij > 0  P lji > 0.
 m = k + l"  ! S
 <>M Pmii ≥ P kijP lji > 0" 
!- " 
!
 

 #  S
 <>M + Pm+1ii ≥ P kijPjjP lji > 0.  (m,m + 1) = 1" 
 
 

 - 
J

=M
& 00   .	*+ q + ! 	/  S( qi > 0 ∀ i ∈ S   
 *+ Gij ! 
 "	
∀ i, j ∈ S ∃ p ≥ 1, ∃ l0, l1, . . . , lp ∈ S,

 "	 l0 = i, lp = j  Glklk+1 > 0,  k = 0, 1, . . . , p− 1.
+     	3 
 
  
 ! 	3 
  &

/    l1, . . . , lp−1    &  i  j N

 S
 <>M p− 1  #  r = 1" 
P pij =
∑
k1∈S
∑
k2∈S
· · ·
∑
kp−1∈S
Pik1Pk1k2 · · ·Pkp−1j
≥ Pil1Pl1l2 . . . Plp−1j
= Gil1αil1Gl1l2αl1l2 · · ·Glp−1jαlp−1j
> 0,
/  αij > 0, ∀ i, j ∈ S
  
  
 

 -  !
/
 i, j ∈ S  qj < qi  Gij > 0"   P )J"  
 i, j  3
$' αij < 1" 
Pii = 1−
∑
l∈S,l =i
Gilαil
= 1−Gijαij −
∑
l∈S,l =i,j
Gilαil
> 1−Gij −
∑
l∈S,l =i,j
Gil
= 1−
∑
l∈S,l =i
Gil
= Gii ≥ 0.
 
 

 -  !"  ! $
 <>==  
 

 - 
J

!- " 
 
 
  G"  " 

 i = j
=D
qiPij = qiαijGij
= qi min
{
qj
qi
, 1
}
Gij
=
{
qjGij
qiGij
 qj ≤ qi
 qj > qi
=
{
qiGji
qjGji
 qi < qj
 qi ≥ qj
= qj min
{
qi
qj
, 1
}
Gji
= qjαjiGji
= qjPji.
 !
   S
 <>=< '

 
 )J  S
 <>=G  
  
 

  	
8 
 ! 
!'  	!  +
! q"  q  - &  S  qi > 0 ∀ i ∈ S


 
   	
 
" - 
!#

 
 !)
   

 

+ ! q
"## 
 % (

B
 f :S → R" S " 
 +  C!#
 - 
 
qi(T ) =
1
N0(T )
exp
(
−f(i)
T
)
∀ i ∈ S,
 N0(T ) - 
 
 
!#

"  -"
N0(T ) =
∑
j∈S
exp
(
−f(j)
T
)
.
 !)
 
 +  /
 !
 ' 

lim
T→0+
qi(T ) = q
∗
i
def
=
{ 1
|Sopt|  i ∈ Sopt
0 
 
,
 Sopt = {i ∈ S|f(i) ≤ f(j), ∀ j ∈ S}  |Sopt| - 
 

!
  Sopt
=?
B &
"  fopt   '!+
!  f  S  
  &
   limx→0+ exp
(
a
x
)
 
! 0  a < 0  1  a = 0"  
lim
T→0+
qi(T ) = lim
T→0+
exp
(
−f(i)
T
)
∑
j∈S exp
(
−f(j)
T
)
= lim
T→0+
exp
(
fopt−f(i)
T
)
∑
j∈S exp
(
fopt−f(j)
T
)
= lim
T→0+
1∑
j∈S exp
(
fopt−f(j)
T
)I(i ∈ Sopt)
+ lim
T→0+
exp
(
fopt−f(i)
T
)
∑
j∈S exp
(
fopt−f(j)
T
)I(i ∈ S − Sopt)
=
1
|Sopt|I(i ∈ Sopt) + 0,
 I(i ∈ A)  
! 1  i ∈ A  0  i /∈ A
  -" & T → 0 
 +  C!#
  

 
 +
&  #
 '!+

  qi(T ) > 0 ∀i ∈ S  ∀T > 0" 
 +  ' !

lim
T→0+
lim
k→+∞
PT{Xk = i} = lim
t→0+
qi(T ) = q
∗
i ,
 /
"
lim
T→0+
lim
k→+∞
PT{Xk ∈ S } = 1.
   !
 
+-   
  
 
!
   
 +
 C!#
 - 
 + &  S"   
 f - 
  S  
!
 -  
!
 -
  	
 
 - + i ∈ S  + q∗ 

  5
 
 

  	
8 )',
  T 3 
- 
' 
 + !"
 '
  T  

  !+ 
'  
 
 +
! 

 
  
 

"    
- T ≈ 0
=F
 K<L - +  !
   ',
  " 

  
!'  
I  
* 

 

 S 3 - "  
 )J 

!    -5
 
 

     !
'  
!' 
R  
+ 
 P !
  
!'
•   
! 
! 

 
 

 .T00
• N
 & 

 
  - 
 


• N  
! 
! 

 
 

"  /
"  -  



• N I   
* 

 

 

 .Lk0


 !
  	
 
     "	  /"
 
  
R 


"#)  * % 

& 

 !

 3    

 
!#
 
 

" 
+
3


 , !
B 
  KAL 
5 
 

   I " 
 10−5"
 3
  I m0  
*  '
" 
!!
 
 
' 


 χ   '
  χ < χ0"  χ0  
  .

χ0 = 0.950"  
 
 

 !!
5
  
 
 

  1" 
  

 
 

 

!  

 
! 

 
	
 

 K<" =AL 3
5 m0 
*  

 
! 
!
" 

 !  
! 

& +/     
!" !!
  
 
  
 .

1050 
!!
5 m1"  I  
*    #) '
    
!

 & +/ "  m2"  I  
* 

 
  
  
! 
 &
+/  B5 χ0" 
 
3
  

 
! .
 χ0 = 0.950"  
!!
5 



 T 
 
 
χ0 =
m1 + m2 exp
(
−∆f+inicial
T
)
m1 + m2
,
 ∆f+inicial -  
 -   
! 
 & +/   m2  
 

   
! 
 & +/ 
=@
N  -   K>ML"   '
 m0 
* 
!
J
 
!5
!
 ∆f+inicial" 
 -
 
  

 
+!
 
 & +/   
   
 
! 
 & +/  

  Pinicial 
 +
+!
 
!  

"
 
 
" 
!!
 T 
 
 
Pinicial = exp
(−∆f+inicial
T
)
.
4  5  
N
 

 & !#

 
 !

 -  
 

 !5
!
5
   &
 
" 
  K<L 
 & - #
 

 - 
T =
T
1 + T log(1+δ)
3σ
,
 σ -   E
   
! 
 & +/    '
 
 5

  
 

 3
"  δ -  
R .
 δ  

  10−4  10−20
 K>ML  - - & 
!!
 
 
#    
! 
 & +/  
!)  
 
 
 . 
 

 3
0"  
 -
   
!

 & +/    '
 
 
   
 

 - 
 /

 
#   
! [0.1, 0.9]" !!
 !
 

 

! B
 

 



 

  - 
 
 
 
* 
"  
 !)


 & +/   
  
  
6 -      5  
 K>ML  -  


 !#
 
• )  & '
   
 !)
   
! 
 & +/  
 

I!
 µ 
  

 .
 µ = 406
•  I 3  
 
!
* 
 & +/  & 
' S
 
I  !
 
   +!
6
• +

  !! 
 

 
! 

  K>ML   
 
5

 
!    
  

 -
 
! 
 & +/    

  

   
! 
 & +/   
 +
+!
 
!  
5

   N
 

  
!!
 
 -
 
!  
 +
+!
 
!
- +

 
 -
 
!  +
+!
 
!
∆f+final = ε1∆f
+
inicial + ε2
<G
Pfinal = ε1Pinicial + ε2,
 ∆f+inicial  Pinicial &
   !! 
 

 
! S
5
 ε1 = 10
−6
 ε2 = 10
−8
" 
 
 

 
! Tfinal - 
!!

 
Pfinal = exp
(−∆f+final
Tfinal
)
.
" 
 3 - 
+

  
 

 

! T -    
 
5

 
! Tfinal
  
+-  I 3  
  


 K<" =AL 

5  -  


    
!!
 
 -
 
 
! &
  p I!  '
  
!!
 
 &
   p 
"

!#
   
!  
 -
  p I!    p  
 - 5

   I &  
78  %   
 I  
*     

 '

  !+"  K>ML 
 5


 - 

!#

   I    
 & 
   N1n"  n
- 
   +!
" 
 N1 = 12 !-  
 

 - 

!#


  I  
* 
 

 & 
   N2n"  

N2 = 100
6
 

       '
 - 
 


 
!  	

 
  K<DL 3

 
 
 

   - 

"  /

- '

 
   +
 

!!
 P   3
 '
 &   
    
 R
 r -


   

! 

 " 
 R
 
   - 
 
 "
    
 *  &
  
3
  
 '
   &
 
 N!#
 
 
 

  
 &

 
5

"   - 
 
  (/
 K=?" >ML 
 R
 r !#

  

 
 

 
 N
E    v" 


  k   #) 
  '
  x - '
 &   
!
<=
 xk − vk  xk + vk  K>ML vk 

  J!    '
  

  3    J!    '
    

 K=?L    v - 

!#
     
 
 
'   

 50%
  	
 	 
 =@F@" +" 
   
 1 K=" =FL '
!#
 
 -
  
!' '-"

  !   	
 
"    )

  U
!' '-

+
V  & 
   ',

 ! 
   
 
" 
  #  
 
 -
  
!'

 
!' '- '
!#
 - 
!
  +!
  #
 +
J

min
x
f(x)

 x ∈ S
 f : S → R" S 
 !  S  )

   "   /    - 

!

' 
+
3  
  
!'
	
 	
	 
"*
	 	   	 +	 +	
	 	     	
	
	
 	 +	  
  	
	 		 	 +	  
	 	  	
	   	,,
" 	 	 	  	
	
 
!'  
! 
 !)
 
 /	*+ 
,( /	*+ 	*+
 /	*+ 
*+" 
 
   
 


 
 
 '
*
/- 0"0  /	*+  ,* V : S → P(S)( ! 	 /	*+ "	   i ∈ S
 V (i)(   ,*  i  j ∈ V (i)  "	 j !  ,  i
<<
 / P ⊆ P(S) 
 /! - 
 !  +/  S 

# 
#   
  
!' '- 
  

 #

 
" 
 P 

{{i, j}|i, j ∈ S}.
  P - 
 !  +/  S     !
 !  P  
 5	1"  )
  * 

 



!
  /  !  /E
  
 
 #  / A,B,C  , 
R α ∈ A, β ∈ B, γ ∈ C !)

!

      !
 
!

  

 '

/- 0"0  /	*+ 
, fE : A × P(S) → P(P )(    	
*+
	 
*+  5	1   	
*+( 	 5
∀α ∈ A, ∀x ∈ P(S), ∀ y ∈ fE(α, x) ⇒ y ⊆ x.
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⎧⎨
⎩ {j}  γ < exp
(
f(i)− f(j)
T
)
{i} 
 
  
   ',
" 

 
 ' *
/- 0"0#  		   ,* !   ! 3 
(    "	

"	  3	( 
* "	
"	 	  3	  !   , 	 5(
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k := 0
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( l = 1 SY Lk
y = B(x)
 f(y) ≤ f(x) SZ x := y
Z  random[0, 1) < exp
(
f(x)− f(y)
Tk
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SZ x := y
k := k + 1
Tk = αTk−1
x = B(x)
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p ≤ m"  
 m &*  i1, . . . , im : Ω → {1, 2, . . . , m}   
{i1(x), i2(x), . . . , im(x)} - 
 
  {1, 2, . . . , m} 
fi1(x)(x) ≤ fi2(x)(x) ≤ · · · ≤ fip(x)(x) ≤ · · · ≤ fim(x)(x) ∀x ∈ Ω.
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3
 
/  
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1 2 20 5251.1 325.5 24.1O25.1 45.3
2 4 20 3624.7 254.2 20.2O21.2 29.9
3 4 20 3858.9 276.8 22.1O23.2 31.6
4 4 20 4149.0 304.8 26.7O27.9 34.2
5 2 20 11768.1 1474.6 63.5O64.5 100.0
6 2 20 9471.7 520.3 58.2O59.2 86.3
7 2 20 8092.2 362.0 41.5O58.8 58.0
8 2 20 7403.4 482.2 49.6O50.6 65.4
9 2 20 4876.0 132.3 45.2O46.2 46.0
10 1 20 10995.9 622.7 43.7O44.7 100.0
11 1 20 11645.5 1534.7 0.9O2.0 100.0
12 1 20 8894.6 370.4 2.9O3.9 82.3
13 1 20 10796.0 496.2 21.5O22.5 99.6
14 2 20 10984.2 654.8 41.0O42.0 100.0
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26 100 20 21776.2 7785.7 8.1O11.8 64.7
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28 9 16 870524.2 51501.6 4.6O19.0 18.2
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1 2 13 115.8 7.9
2 4 9 118.6 8.9
3 4 7 118.2 8.8
4 4 5 117.4 8.6
5 2 4 120.7 16.4
6 2 20 112.7 7.6
7 2 3 141.3 6.7
8 2 8 114.5 8.0
9 2 3 105.1 2.5
10 1 5 112.8 8.4
11 1 20 123.7 21.2
12 1 18 111.8 7.4
13 1 20 112.8 7.4
14 2 8 112.3 7.6
15 2 15 108.8 6.4
16 1 12 111.4 6.9
17 2 16 113.2 6.8
18 1 0 154.7 3.0
19 4 20 198.6 66.4
20 4 11 284.6 146.0
21 10 11 958.0 771.8
22 10 16 6115.4 5541.0
23 4 16 277.7 161.6
24 10 3 272.2 125.8
25 100 20 149.9 11.6
26 100 17 390.4 178.3
27 100 20 132.6 10.5
28 9 1 71479.6 4061.6
A<
S
+!
 >A 	
 

n +!
 
 
!
* 
 
!
*
!   &  '

1 2 19 4984.4 4.6
2 4 4 10116.4 8.3
3 4 5 10117.2 8.7
4 4 9 9915.8 9.4
5 2 12 10113.0 9.8
6 2 20 8971.6 4.2
7 2 16 6338.6 4.2
8 2 20 6857.3 5.8
9 2 7 5292.5 3.5
10 1 11 10111.3 6.8
11 1 20 10119.0 16.1
12 1 20 8812.0 4.7
13 1 20 10109.0 6.0
14 2 9 10109.8 6.2
15 2 20 9451.0 4.6
16 1 20 9496.2 5.1
17 2 16 8528.5 4.9
18 1 1 8971.0 2.3
19 4 20 10211.4 71.7
20 4 16 10647.7 536.9
21 10 11 11948.0 769.6
22 10 12 16765.3 6314.7
23 4 13 10160.3 73.3
24 10 5 11216.2 1094.0
25 100 20 9877.2 10.1
26 100 17 10370.2 175.4
27 100 20 10126.8 9.6
28 9 5 51813.6 2562.1
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1 2 14 135211.8
2 4 16 287391.8
3 4 7 284423.3
4 4 6 277611.4
5 2 10 56105.8
6 2 20 176492.5
7 2 20 256696.3
8 2 13 53916.2
9 2 20 124340.6
10 1 20 62432.0
11 1 20 5879.6
12 1 20 73798.3
13 1 20 74871.8
14 2 16 157117.1
15 2 20 121975.8
16 1 20 76851.0
17 2 20 30517.5
18 1 20 47753.2
19 4 0 197627.3
20 4 0 184358.5
21 10 0 1230135.8
22 10 0 1267201.9
23 4 0 51366.8
24 10 0 145010.8
25 100 0 17435784.0
26 100 0 5004338.5
27 100 0 5003387.0
28 9 10 1153736.9
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* I  I 
!   &  '
 !* #

1 (6, 6) 12 12884.8 62.3 2.5 2.5
2 (3, 2) 12 12116.7 88.2 2.7 2.7
3 (3, 1) 20 10940.8 66.5 1.0 1.0
4 (7, 6) 20 55306.2 23708.9 1.0 1.0
5 (32, 19) 20 512286.9 67355.0 2.2 0.0
6 (5, 3) 19 14521.2 246.1 2.2 2.2
7 (5, 1) 3 12178.1 18.6 3.0 3.0
8 (20, 10) 3 15756.8 102.3 1.6 1.6
9 (5, 6) 20 13533.2 44.7 1.0 1.0
10 (2, 2) 19 12085.3 125.9 1.4 1.4
11 (13, 7) 8 10244.1 135.4 2.7 2.7
12 (16, 13) 20 237402.3 18585.8 1.9 1.8
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 !* #

1 (6, 6) 12 12887.2 66.0 2.6 2.6
2 (3, 2) 13 12108.3 82.6 2.7 2.7
3 (3, 1) 20 10952.9 75.3 1.0 1.0
4 (7, 6) 20 55765.3 26772.8 1.0 1.0
5 (32, 19) 20 893670.5 90617.0 2.2 0.1
6 (5, 3) 10 14415.2 243.6 1.5 1.5
7 (5, 1) 3 12178.5 18.5 3.0 3.0
8 (20, 10) 2 15739.2 92.7 1.5 1.5
9 (5, 6) 20 13541.5 47.1 1.0 1.0
10 (2, 2) 19 12061.5 123.0 1.4 1.4
11 (3, 7) 9 10179.1 79.6 2.8 2.8
12 (16, 13) 20 60636.8 15945.0 1.4 1.2
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 
!   &  '
 !* #

1 (6, 6) 20 20286.6 964.5 12.1 12.1
2 (3, 2) 20 15574.9 979.3 5.6 5.6
3 (3, 1) 20 13858.5 802.3 1.0 1.0
4 (7, 6) 20 1191726.2 477466.8 1.6 1.0
5 (32, 19) 20 2432632.0 408042.1 30.1 0.1
6 (5, 3) 20 23137.1 3025.9 3.5 3.5
7 (5, 1) 9 14738.0 76.6 9.6 9.6
8 (20, 10) 19 28994.2 3280.6 12.6 12.6
9 (5, 6) 20 20178.2 800.8 1.0 1.0
10 (2, 2) 19 19848.2 775.0 2.3 2.3
11 (13, 7) 19 22982.9 1855.6 38.2 38.2
12 (16, 13) 19 167376.5 43647.0 2.0 1.9
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 !* #

1 (6, 6) 20 20278.6 813.0 13.4 13.4
2 (3, 2) 20 15954.0 1056.0 5.6 5.6
3 (3, 1) 20 13543.0 497.4 1.0 1.0
4 (7, 6) 20 921847.2 600550.6 1.0 1.0
5 (32, 19) 20 31001168.0 3419800.5 75.6 1.2
6 (5, 3) 20 23247.8 2824.3 2.0 2.0
7 (5, 1) 9 14741.5 78.3 9.6 9.6
8 (20, 10) 19 28426.5 3027.3 12.8 12.8
9 (5, 6) 20 20981.2 982.0 1.0 1.0
10 (2, 2) 20 19739.2 785.7 2.8 2.8
11 (13, 7) 20 23548.8 2340.4 25.2 25.2
12 (16, 13) 20 624123.9 424496.9 2.0 1.5
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1 (6, 6) 1 12435.8 22.4
2 (3, 2) 8 10039.2 45.7
3 (3, 1) 20 9601.5 9.2
4 (7, 6) 20 28420.2 10564.8
5 (32, 19) 19 450581.6 40589.5
6 (5, 3) 9 13304.8 66.4
7 (5, 1) 0 10751.8 4.8
8 (20, 10) 2 12580.6 75.6
9 (5, 6) 20 13337.0 31.5
10 (2, 2) 17 9461.0 31.5
11 (13, 7) 4 9016.6 26.6
12 (16, 13) 15 41905.4 7386.2
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min
x
f(x)

 l ≤ x ≤ u
 l, x, u ∈ Rn,  f : Rn → R
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• n = 2,
• m = 3,
• f(x) = −
m∑
j=1
1
(x−Aj)T(x−Aj)T + cj ,
• l = 0, u = 10.
• f
 
= −10.0860
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A =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
4 4 4 4
1 1 1 1
8 8 8 8
6 6 6 6
3 7 3 7
2 9 2 9
5 5 3 3
8 1 8 1
6 2 6 2
7 3.6 7 3.6
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, c =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0.1
0.2
0.2
0.4
0.6
0.6
0.3
0.7
0.5
0.5
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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  m = 5" 7  10  
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 n = 4
< ,
 78695:
• fopt = −10.1527
> ,
 78697:
• f
 
= −10.4023
A ,
 786910:
• f
 
= −10.5358
M ;
1<
• n = 2,
• f(x) = (1+ (x1 + x2 +1)2(19− 14x1 + 3x21− 14x2 +6x1x2 + 3x22))(30+ (2x1−
3x2)
2(18− 32x1 + 12x21 + 48x2 − 36x1x2 + 27x22)),
• l = −2, u = 2.
• f
 
= 3
D  8-
• n = 2,
• f(x) =
(
x2 − 5.1
4π2
x21 +
5
π
x1 − 6
)2
+ 10
(
1− 1
8π
)
+ 10,
• lT = ( −5 0 ), uT = ( 10 15 ).
• f
 
= 0.397888
? = ,	.
M>
• n = 2,
• f(x) =
5∑
i=1
i cos((i + 1)x1 + i)
5∑
i=1
i cos((i + 1)x2 + i),
• l = −10, u = 10.
• f
 
= −186.730639
F = ,	 -
 
• n = 2,
• f(x) =
(
4− 2.1x21 +
x41
3
)
x1 + x1x2 + 4(x
2
2 − 1)x22,
• lT = ( −3 −2 ), uT = ( 3 2 ).
• f
 
= −39.65
@ 
• n = 2,
• f(x) = − cos(x1) cos(x2) exp(−(x1 − π)2 − (x2 − π)2),
• l = −5, u = 5.
• f
 
= −0.999999
=G > 9?@AB:
• n = 1,
• f(x) = x6 − 52
25
x5 +
39
80
x4 +
71
10
x3 − 79
20
x2 − x + 1
10
,
• l = −2, u = 11.
• f
 
= −7.58731
==  9?@C@:
• n = 1,
• f(x) =
50∑
i=1
aix
i,
• l = 1, u = 2.
• f
 
= −663.5
MA
 a = (−500.0, 2.5, 1.666666666, 1.25, 1.0, 0.8333333, 0.714285714,
0.625, 0.555555555, 1.0,−43.6363636, 0.41666666, 0.384615384,
0.357142857, 0.3333333, 0.3125, 0.294117647, 0.277777777, 0.263157894,
0.25, 0.238095238, 0.227272727, 0.217391304, 0.208333333, 0.2,
0.192307692, 0.185185185, 0.178571428, 0.344827586, 0.6666666,
− 15.48387097, 0.15625, 0.1515151, 0.14705882, 0.14285712, 0.138888888,
0.135135135, 0.131578947, 0.128205128, 0.125, 0.121951219, 0.119047619,
0.116279069, 0.113636363, 0.1111111, 0.108695652, 0.106382978,
0.208333333, 0.408163265, 0.8).
=< >
 9?@DE:
• n = 1,
• f(x) = 0.000089248x− 0.0218343x2 + 0.998266x3 − 1.6995x4 + 0.2x5,
• l = 0, u = 10.
• f
 
= −443.67
=>   F 9?@CB:
• n = 1,
• f(x) = 4x2 − 4x3 + x4,
• l = −5, u = 5.
• f
 
= 0
=A = G,,	 -
 
• n = 2,
• f(x) = 2x21 − 1.05x41 +
x61
6
− x1x2 + x22,
• l = −5, u = 5.
• f
 
= 0
=M ;
  < 9?@C?:
• n = 1,
• f(x) = x6 − 15x4 + 27x2 + 250,
• l = −5, u = 5.
• f
 
= 7
=D  9?@@H:
MM
• n = 1,
• f(x) = x4 − 3x3 − 1.5x2 + 10x
• l = −5, u = 5.
• f
 
= −7.5
=? 5  
 9?@@A:
• n = 2,
• f(x) = cos(x1)sen(x2)− x1
x22 + 1
,
• l = −1, u = ( 2 1 )
• f
 
= −2.02181
=F <	1
 +/   3! - 
 
 
 !!
  E
" 

      )', &
 
    
+"
',  3',
• n = 1,
• f (x) = 588600(
3r20 − 4 cos θr20 − 2
(
sen2θ cos
(
x− 2π
3
)− cos2 θ) r20)6
− 1079.1(
3r20 − 4 cos θr20 − 2
(
sen2θ cos
(
x− 2π
3
)− cos2 θ) r20)3
+
600800
(3r20 − 4 cos θr20 − 2 (sen2θ cosx− cos2 θ) r20)6
− 1071.5
(3r20 − 4 cos θr20 − 2 (sen2θ cosx− cos2 θ) r20)3
+
481300(
3r20 − 4 cos θr20 − 2
(
sen2θ cos
(
x + 2π
3
)− cos2 θ) r20)6
− 1064.6(
3r20 − 4 cos θr20 − 2
(
sen2θ cos
(
x + 2π
3
)− cos2 θ) r20)3 ,
• l = 0, u = 2π.
• f
 
= −1.0711
 r0 = 1.54  θ = 1.9111
=@ (	.4"500
• n = 4" β = 50"
MD
• f(x) =∑nk=1 (∑ni=1 (ik + β)((xii )k − 1))2 ,
• l = −n" u = n
• f
 
= 0
 J3 +!
    
  (n, β) = (4, 0.5)" (10, 109)  (10, 107)"
 

<G (	.4"0.50
• f
 
= 0
<= (	.10"1090
• f
 
= 0
<< (	.10"1070
• f
 
= 0
<> (	G.4"100
• n = 4" β = 10"
• f (x) =
n∑
k=1
(
n∑
i=1
(i + β)
(
xki −
(
1
i
)k))2
,
• l = −1" u = 1
• f
 
= 0
 J3 +!
 -   
  n = 10  β = 100
<A (	G.10"1000
• f
 
= 0
<M S( B
• n = 100"
• f (x) =
n∑
i=1
(xi − 1)2 −
n∑
i=2
xixi−1
• l = −n2" u = n2
• f
 
= −n(n+4)(n−1)
6
<D (+8
M?
• n = 100,
• f(x) =
n−1∑
j=1
100
(
x2j − xj+1
)2
+ (xj − 1)2,
• l = −5" u = 10
• f
 
= 0
<? X
8)
 
• n = 100,
• f(x) =
(
n∑
j=1
x2j
)
+
(
n∑
j=1
jxj
2
)2
+
(
n∑
j=1
jxj
2
)4
,
• l = −5" u = 10
• f
 
= 0
<F $
5\
• n = 9" m = 3"
• f (x) =
m∑
j=2
j−1∑
i=1
rij ,
• rij = (xi − xj)2 + (xi+m − xj+m)2 + (xi+2m − xj+2m)2 ,
• l = −3" u = 3
• f
 
= −3
MF
 " &
#
 $%  !
 !
 
+
3 

 
   +!
 !#
  3
- 
!#
  +!
 &
 3
  K<G" <=L
 +!
    
min
x
f(x)


g(x) ≤ 0
h(x) = 0
l ≤ x ≤ u
 l, x, u ∈ Rn, f : Rn → R" g : Rn → Rp,  g : Rn → Rm−p
 +!
 &
 3
  K=A" <G" <=" ><L
= I9?@CE:
• n = 6
• m = 6
• f(x) = −25(x1− 2)2− (x2 − 2)2− (x3 − 1)2− (x4 − 4)2− (x5 − 1)2− (x6 − 4)2
• l = ( 0 0 1 0 1 0 )
• u = ( 10 10 5 6 5 10 )
• f
 
= −310
(*
(x3 − 3)2 + x4 ≥ 4
(x5 − 3)2 + x6 ≥ 4
M@
x1 − 3x2 ≤ 2
−x1 + x2 ≤ 2
x1 + x2 ≤ 6
x1 + x2 ≥ 2
< J		9?@CK:
• n = 3
• m = 2
• f(x) = −x21 − x22 − x23
• l = 2.3
• u = 2.7
• f
 
= −11.67664
(*
4(x1 − 0.5)2 + 2(x2 − 0.2)2 + x23 + 0.1x1x2 + 0.2x2x3 ≤ 16
2x21 + x
2
2 − 2x23 ≥ 2
> J		  L
9?@CE:
• n = 3
• m = 1
• f(x) = (1.4609 + 0.15186x1 + 0.00145x21)x2 + (0.8008 + 0.2031(50 − x1) +
0.000916(50− x1)2)x3
• l = ( 25 0 0 )
• u = ( 30 1 1 )
• f
 
= 3.0521
(*
(1 − x2)(1.5742 + 0.1631x1 + 0.001358x21) + (1 − x3)(0.7266 + 0.2256(50 − x1) +
0.000778(50− x1)2) ≤ 10
A G
9?@@K:
• n = 7
• m = 6
DG
• f(x) = −(9− 6x1 − 16x2 − 15x3)x4 − (15− 6x1 − 16x2 − 15x3)x5 + x6 − 5x7
• l = 0
• u = ( 1 1 1 1 200 100 200 )
• f
 
= −450
(*
x3x4 + x3x5 ≤ 50
x4 + x6 ≤ 100
x5 + x7 ≤ 200
(3x1 + x2 + x3 − 2.5)x4 − 0.5x6 ≤ 0
(3x1 + x2 + x3 − 1.5)x5 + 0.5x7 ≤ 0
x1 + x2 + x3 = 1
M G
9?@@K:
• n = 32
• m = 19
• f(x) = (−18 + 6x1 + 16x4 + 15x7 + 12x10)x13 +
(−18 + 6x2 + 16x5 + 15x8 + 12x11)x14 +
(−18 + 6x3 + 16x6 + 15x9 + 12x12)x15 +
(−15 + 6x1 + 16x4 + 15x7 + 12x10)x16 +
(−15 + 6x2 + 16x5 + 15x8 + 12x11)x17 +
(−15 + 6x3 + 16x6 + 15x9 + 12x12)x18 +
(−19 + 6x1 + 16x4 + 15x7 + 12x10)x19 +
(−19 + 6x2 + 16x5 + 15x8 + 12x11)x20 +
(−19 + 6x3 + 16x6 + 15x9 + 12x12)x21 +
(−16 + 6x1 + 16x4 + 15x7 + 12x10)x22 +
(−16 + 6x2 + 16x5 + 15x8 + 12x11)x23 +
(−16 + 6x3 + 16x6 + 15x9 + 12x12)x24 +
(−14 + 6x1 + 16x4 + 15x7 + 12x10)x25 +
(−14 + 6x2 + 16x5 + 15x8 + 12x11)x26 +
(−14 + 6x3 + 16x6 + 15x9 + 12x12)x27
− 8x28 − 5x29 − 9x30 − 6x31 − 4x32
• l = 0
• u = (1 1 1 1 1 1 1 1 1 1 1 1 100 100 100 200 200 200
100 100 100 100 100 100 100 200 100 100 100)
• f
 
= −3500
D=
(*
x7(x13 +x16 +x19 +x22 +x25)+x8(x14 +x17 +x20 +x23 +x26)+x9(x15 +x18 +x21 +
x24 + x27) ≤ 50
x13 + x14 + x15 + x28 ≤ 100
x16 + x17 + x18 + x29 ≤ 200
x19 + x20 + x21 + x30 ≤ 100
x22 + x23 + x24 + x31 ≤ 100
x25 + x26 + x27 + x32 ≤ 100
(3x1 + x4 + x7 + 1.5x10 − 2.5)x13 +
(3x2 + x5 + x8 + 1.5x11 − 2.5)x14 +
(3x3 + x6 + x9 + 1.5x12 − 2.5)x15 − 0.5x28 ≤ 0
(x1 + 3x4 + 2.5x7 + 2.5x10 − 2)x13 +
(x2 + 3x5 + 2.5x8 + 2.5x11 − 2)x14 +
(x3 + 3x6 + 2.5x9 + 2.5x12 − 2)x15 + 0.5x28 ≤ 0
(3x1 + x4 + x7 + 1.5x10 − 1.5)x16 +
(3x2 + x5 + x8 + 1.5x11 − 1.5)x17 +
(3x3 + x6 + x9 + 1.5x12 − 1.5)x18 + 0.5x29 ≤ 0
(x1 + 3x4 + 2.5x7 + 2.5x10 − 2.5)x16 +
(x2 + 3x5 + 2.5x8 + 2.5x11 − 2.5)x17 +
(x3 + 3x6 + 2.5x9 + 2.5x12 − 2.5)x18 ≤ 0
(3x1 + x4 + x7 + 1.5x10 − 2)x19 +
(3x2 + x5 + x8 + 1.5x11 − 2)x20 +
(3x3 + x6 + x9 + 1.5x12 − 2)x21 ≤ 0
(x1 + 3x4 + 2.5x7 + 2.5x10 − 2.6)x19 +
(x2 + 3x5 + 2.5x8 + 2.5x11 − 2.6)x20 +
(x3 + 3x6 + 2.5x9 + 2.5x12 − 2.6)x21 − 0.1x30 ≤ 0
(3x1 + x4 + x7 + 1.5x10 − 2)x22 +
(3x2 + x5 + x8 + 1.5x11 − 2)x23 +
(3x3 + x6 + x9 + 1.5x12 − 2)x24 ≤ 0
D<
(x1 + 3x4 + 2.5x7 + 2.5x10 − 2)x22 +
(x2 + 3x5 + 2.5x8 + 2.5x11 − 2)x23 +
(x3 + 3x6 + 2.5x9 + 2.5x12 − 2)x24 + 0.5x31 ≤ 0
5 (3x1 + x4 + x7 + 1.5x10 − 2)x25 +
(3x2 + x5 + x8 + 1.5x11 − 2)x26 +
(3x3 + x6 + x9 + 1.5x12 − 2)x27 ≤ 0
(x1 + 3x4 + 2.5x7 + 2.5x10 − 2)x25 +
(x2 + 3x5 + 2.5x8 + 2.5x11 − 2)x26 +
(x3 + 3x6 + 2.5x9 + 2.5x12 − 2)x27 + 0.5x32 ≤ 0
x1 + x4 + x7 + x10 = 1
x2 + x5 + x8 + x11 = 1
x3 + x6 + x9 + x12 = 1
D 	,  	9?@@E:
• n = 5
• m = 3
• f(x) = (x1 − 1)2 + (x1 − x2)2 + (x2 − x3)3 + (x3 − x4)4 + (x4 − x5)4
• l = −5
• u = 5
• f
 
= 0.0293
(*
x1 + x
2
2 + x
3
3 = 3
√
2 + 2
x2 − x23 + x4 = 2
√
2− 2
x1x5 = 2
? M	*+ .5  "	% ?
• n = 5
• m = 1
• f(x) = 42x1 + 44x2 + 45x3 + 47x4 + 47.5x5 − 50(x21 + x22 + x23 + x24 + x25)
• l = 0
• u = 1
• f
 
= −17
D>
(*
20x1 + 12x2 + 11x3 + 7x4 + 4x5 ≤ 40
F M	*+ .5  "	% =
• n = 20
• m = 10
• f(x) = −0.5
20∑
i=1
(xi − 2)2
• l = 0
• u = 30
• f
 
= −394.7506
(*
Ax ≥ b

bT = (−5, 2,−1,−3, 5, 4,−1, 0, 9, 40)
AT =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−3 7 0 −5 1 1 0 2 −1 1
7 0 −5 1 1 0 2 −1 −1 1
0 −5 1 1 0 2 −1 −1 −9 1
−5 1 1 0 2 −1 −1 −9 3 1
1 1 0 2 −1 −1 −9 3 5 1
1 0 2 −1 −1 −9 3 5 0 1
0 2 −1 −1 −9 3 5 0 0 1
2 −1 −1 −9 3 5 0 0 1 1
−1 −1 −9 3 5 0 0 1 7 1
−1 −9 3 5 0 0 1 7 −7 1
−9 3 5 0 0 1 7 −7 −4 1
3 5 0 0 1 7 −7 −4 −6 1
5 0 0 1 7 −7 −4 −6 −3 1
0 0 1 7 −7 −4 −6 −3 7 1
0 1 7 −7 −4 −6 −3 7 0 1
1 7 −7 −4 −6 −3 7 0 −5 1
7 −7 −4 −6 −3 7 0 −5 1 1
−7 −4 −6 −3 7 0 −5 1 1 1
−4 −6 −3 7 0 −5 1 1 0 1
−6 −3 7 0 −5 1 1 0 2 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
DA
@ 8*0 "	%
• n = 5
• m = 6
• f(x) = 37.293239x1 + 0.8356891x1x5 + 5.3578547x232− 40792.141
• l = ( 78 33 27 27 27 )
• u = ( 102 45 45 45 45 )
• f
 
= −30665.5387
(*
−0.0022053x3x5 + 0.0056858x2x5 + 0.0006262x1x4 − 6.665593 ≤ 0
0.0022053x3x5 − 0.0056858x2x5 − 0.0006262x1x4 − 85.334407 ≤ 0
0.0071317x2x5 + 0.0021813x
2
3 + 0.0029955x1x2 − 29.48751 ≤ 0
−0.0071317x2x5 − 0.0021813x23 − 0.0029955x1x2 + 9.48751 ≤ 0
0.0047026x3x5 + 0.0019085x3x4 + 0.0012547x1x3 − 15.699039 ≤ 0
−0.0047026x3x5 − 0.0019085x3x4 − 0.0012547x1x3 + 10.699039 ≤ 0
=G • n = 2
• m = 2
• f(x) = −x1 − x2
• l = 0
• u = ( 3 4 )
• f
 
= −5.5079
(*
x2 ≤ 2x41 − 8x31 + 8x21 + 2
x2 ≤ 4x41 − 32x31 + 88x21 − 96x1 + 36
==    "	   	 	.
• n = 13
• m = 7
• f(x) = −x13
• l = 0
• u = ( 1 1 1 1 1 1 1 1 1 1 1 1 3 )
• f
 
= −1.125
DM
(*
(x1 − x4)2 + (x2 − x5)2 + (x3 − x6)2 = x13
(x4 − x7)2 + (x5 − x8)2 + (x6 − x9)2 = x13
(x7 − x10)2 + (x8 − x11)2 + (x9 − x12)2 = x13
(x1 − x4)(x4 − x7) + (x2 − x5)(x5 − x8) + (x3 − x6)(x6 − x9) = 0
(x1 − x4)(x1 − x10) + (x2 − x5)(x2 − x11) + (x3 − x6)(x3 − x12) = 0
(x10 − x7)(x7 − x4) + (x11 − x8)(x8 − x5) + (x12 − x9)(x9 − x6) = 0
(x10 − x7)(x10 − x1) + (x11 − x8)(x11 − x2) + (x12 − x9)(x12 − x3) = 0
=< 
    
 ?
• n = 16
• m = 13
• f(x) = 1300
(
1000
0.05
(
2
3
√
x1x2 +
1
6
(x1 + x2)
)
)0.6
+
1300
(
600
0.05
(
2
3
√
x3x4 +
1
6
(x3 + x4)
)
)0.6
• l = ( 10 10 10 10 0 0 0 0 0 0 2.941 3.158 150 250 150 250 )
• u = ( 250 100 140 50 10 10 10 10 10 10 10 10 240 490 190 340 )
• f
 
= 56825
(*
x5 + x6 ≤ 10
x5 + x7 − x11 ≤ 0
x6 + x8 − x12 ≤ 0
x9 + x8 − x11 ≤ 0
x10 + x7 − x12 ≤ 0
150x5 + x16x7 − x13x11 ≤ 0
150x6 + x14x8 − x15x12 ≤ 0
x11(x14 − x13) ≤ 1000
x12(x16 − x15) ≤ 600
x1 + x14 ≤ 500
x2 + x13 ≤ 250
x3 + x16 ≤ 350
x4 + x15 ≤ 200
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